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EXPANDING CONE AND APPLICATIONS TO
HOMOGENEOUS DYNAMICS
RONGGANG SHI
Abstract. Let U be a horospherical subgroup of a noncompact simple Lie group H
and let A be a maximal split torus in the normalizer of U . We define the expanding
cone A`
U
in A with respect to U and show that it can be explicitly calculated. We
prove several dynamical results for translations of U -slices by elements of A`
U
on finite
volume homogeneous space G{Γ where G is a Lie group containing H . More precisely,
we prove quantitative nonescape of mass and equidistribution of a U -slice. If H is a
normal subgroup of G and the H action on G{Γ has a spectral gap, we prove effective
multiple equidistribution and pointwise equidistribution with an error rate. In the paper
we formulate the notion of the expanding cone and prove the dynamical results above in
the more general setting where H is a semisimple Lie group without compact factors.
In the appendix, joint with Rene Ru¨hr, we prove a multiple ergodic theorem with an
error rate.
1. Introduction
Let H be a connected semisimple Lie group without compact factors. Let U
be the unipotent radical of an absolutely proper parabolic subgroup P of H,
where absolutely proper means the projection of P to each simple factor of H
is not surjective. Let A be a maximal connected Ad-diagonalizable subgroup
of P , i.e. the image of A under the adjoint representation is diagonal under
some basis of the Lie algebra of H and A is maximal among all connected
subgroups of P with this property. In this paper we define the concept of
the expanding cone (denoted by A`U) in A associated to U and prove some
dynamical results for its translations of a U -slice (a piece of a U -orbit) on
finite volume homogeneous spaces G{Γ where G is a Lie group containing H
and Γ is a lattice (a discrete subgroup of G with finite covolume).
The expanding cone is a generalization of the following example (see §2.3
for the proof) which is often used in homogeneous dynamics due to its close
connection to metric number theory, see e.g. [17][19][22][30][31].
Example 1.1. Let m,n be positive integers.
H “ SLm`npRq, U “
"ˆ
1m p
0mn 1n
˙
P H : p P MmnpRq
*
,
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A is the identity component of the group of diagonal matrices in G, and
A`U “ tdiagpe
r1, . . . , erm , e´t1, . . . , e´tnq P G : ri, tj ą 0u.(1.1)
The expanding cone allows us to generalize several dynamical results in
the setting of Example 1.1 to general homogeneous spaces. In this paper
we prove quantitative nonesape of mass, equidistribution of translates of U -
slices, effective multiple equidistribution of smooth U -slices and pointwise
equidistribution with an error rate.
Besides generalizations, the novelty of the paper is that it further develops
the method of Kleinbock-Margulis [20] to prove effective multiple correlations
of translations of smooth measures on U -slices. Here multiple means k-step
for arbitrary positive integer k, while the previous results [20][9] are 1-step
and [21] is 2-step. The effective multiple correlations have more applications
than the 2-step case. For example, a multiple Birkhoff type ergodic theorem
is proved in the appendix joint with Rene Ru¨hr and a central limit theorem is
proved in [34]. We remark here that it is not clear how to prove these results
using the 2-step case even in the setting of Example 1.1. We will discuss
briefly the history and the current status of the multiple ergodic theorem in
the appendix.
1.1. Expanding cone. Let ρ : H Ñ GLpV q be a representation of H on a
(nonzero) finite dimensional real vector space V . We say pρ, V q is irreducible
if t0u and V are the only H-invariant subspaces. For every a P A we can write
V “ V `a ‘ V
0
a ‘ V
´
a
where V `a , V
0
a , V
´
a are the sums of the eigenspaces of ρpaq with eigenvalues
ą,“,ă 1, respectively. Following [33] we say U is a-expanding1 for some a P A
if, for every nontrivial irreducible representation pρ, V q of H, the subspace
V U :“ tv P V : ρphqv “ v @h P Uu
is contained in V `a . The expanding cone of U in A is defined to be
A`U :“ ta P A : U is a-expandingu.(1.2)
Let h and u be the Lie algebras of H and U , respectively. We will show in
Theorem 1.2 that the expanding cone A`U only depends on the Lie algebras
h, u and it can be described explicitly. To do this we need to introduce some
notation related to Lie algebras. Let a be the Lie algebra of A and let a˚ be
the dual vector space of a. Let Φ “ Φph, aq Ă a˚ be the relative root system
of h and let Φpuq be the subset of roots whose eigenvectors are in u. Recall
1The concept “U is a-expanding” is not exactly the same as that in [33], but they are
equivalent which can be deduced from [33, Lemma A.1].
3that the Killing form Bp¨, ¨q is positive definite on a, so for each α P a˚ we can
associate an sα P a by Bpsα, sq “ αpsq for every s P a. By this isomorphism
we can associate to Φpuq the following open and convex cone in a:
a`u :“
 ÿ
αPΦpuq
tαsα : tα ą 0 for all α
(
.(1.3)
Let exp : a Ñ A be the usual exponential map which is an isomorphism from
the additive group a to A.
Theorem 1.2. The expanding cone A`U “ exp a
`
u “ texp s : s P a
`
u u.
There are possible refinements of the expanding cone which we will not deal
with in this paper: one can define the expanding cone in any Ad-diagonalizable
group which normalizes an Ad-unipotent subgroup; or one can define the ex-
panding cone with respect to a fixed representation of H. These generalisa-
tions may also have applications in homogeneous dynamics.
1.2. Quantitative nonescape of mass. In the setting of Example 1.1,
quantitative nonescape of mass for the A`U action on H{SLm`npZq was first
studied by Kleinbock and Margulis [19]. Apart from its applications in metric
number theory, it is a useful tool while studying equidistribution of measures
on homogeneous space with respect to the action of diagonal elements. There
are various generalizations of [19] and most of them are in the setting of Ex-
ample 1.1, see e.g. [17], [22] and [10]. Using the expanding cone we establish
quantitative nonescape of mass on general homogeneous spaces for U -slices.
In this paper, besides compatible group structure and manifold structure
we assume the Lie group G has two more structures, namely, a right Haar
measure µG and a right invariant Riemannian structure which induces a right
invariant metric dG. Different choices of these two structures will only affect
some constants, so we may assume the compatibility among several groups if
needed. We use BGr to denote the open ball of radius r in G centered at the
identity element 1G. For a lattice Γ of G we use dX to denote the induced
metric on X “ G{Γ defined by
dXpg1Γ, g2Γq “ inf
γPΓ
dGpg1γ, g2q where g1, g2 P G.
For every x P X we let πx : G Ñ X be the map defined by g Ñ gx. The
injectivity radius at x P X is defined by
Ipx,Xq “ suptr ě 0 : πx is injective on B
G
r u
which measures the closeness of x to 8. For every ε ą 0 the complement of
the set
InjXε :“ tx P X : Ipx,Xq ě εu(1.4)
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can be thought of the ε-neighborhood of 8 in X. The following simple obser-
vation may justify this point of view: a sequence txiuiPN in X diverges if and
only if for any ε ą 0 one has xi R Inj
X
ε for all sufficiently large i.
Theorem 1.3. Let G be a connected semisimple Lie group containing H, and
let Γ be a lattice of G. Then there exists δ “ δpG,Γ, Hq ą 0 such that for
every compact subset L of X “ G{Γ, for every a P A`U , x P L and r ą 0 one
has
µU pth P B
U
r : ahx R Inj
X
ε uq !L,r ε
δ.(1.5)
As usual the relation f1 !˚ f2 for two nonnegative functions means f1 ď
Mf2 for some constant M ą 0 depending possibly on variables in the set ˚.
In this paper the dependence of the implied constants on metrics or Haar
measures of Lie groups will not be specified. Theorem 1.3 is an important
ingredient for effective multiple equidistribution in §1.4.
It is interesting to extend Theorem 1.3 to more general classes of measures
on U such as friendly measures of [17] in the setting of Example 1.1. Although
Theorem 1.3 looks restrictive due to the assumption that G is connected
and semisimple, it actually provides quantitative nonescape of mass for an
arbitrary Lie group S and a lattice Λ in S. It is not hard to see that if S is
not connected, the quantitative nonescape of mass can be reduced to that of
S˝{S˝ X Λ. Here and hereafter S˝ denotes the identity component of the Lie
group. Suppose S is connected, then it follows from [1, Lemma 6.1] that there
is a closed normal amenable subgroup R of S such that S{R is a semisimple
Lie group without compact factors, R{ΛXR is compact and πpΛq is a lattice
of S{R where π : S Ñ S{R is the quotient map. Therefore, we can finally
reduce quantitative nonescape of mass to the setting of Theorem 1.3.
1.3. Translates of U-slices by elements of A`U . Let Γ be a lattice of a
Lie group G containing H and let X “ G{Γ. For every x P X it follows from
Ratner’s theorem [28], which was conjectured by Raghunathan, that Hx (the
closure of Hx in X) is homogeneous, i.e. Hx “ Sx for some closed subgroup
S of G, and there is an S-invariant probability measure µHx supported on Hx.
We say a sequence taiuiPN in A
`
U drifts away from walls if dApai, BA
`
U q Ñ 8 as
i Ñ 8, where BA`U is the boundary of A
`
U in A.
Theorem 1.4. Let G be a Lie group containing H, let Γ be a lattice of G,
and let X “ G{Γ. Let taiuiPN be a sequence in A
`
U drifting away from walls.
Then for any f P L1pUq, ψ P CcpXq
2 and x P X one has
lim
iÑ8
ż
U
f phqψpaihxq dµU phq “
ż
U
f dµU ¨
ż
X
ψ dµHx.(1.6)
2We use CcpY q and C8pY q to denote the real valued compactly supported and smooth
functions on the space Y , respectively. The notion LppY q pp ą 0q is the usual complex
valued Lp-space with respect to certain fixed volume measure on Y .
5Certain cases of Theorem 1.4 were obtained earlier by Mohammadi and
Salehi-Golsefidy [26]. More precisely, for H “ HpRq˝ where H is a simply
connected and Q-simple algebraic group with rank QH “ rank RH, [26] proves
Theorem 1.4 in the case where G “ H, Γ “ HpZq X H, U is the unipotent
radical of a minimal parabolic subgroup defined over Q, x P X with Ux closed
and ai pi P Nq belong to a maximal Q-split torus. In §2.4, we explain how
Theorem 1.4 applies to this case without assuming rank QH “ rank RH.
Our proof of Theorem 1.4, which is given at the end of §2.2, is based on the
property of the expanding cone and Shah-Weiss [32, Theorem 1.4]. The main
new point here is that our cone A`U is global (not depending on the adjoint
representation of H on the Lie algebra of G) and is explicitly described.
If we assume in addition that conjugation by the ai pi P Nq expands a
horospherical subgroup of H contained in U , then we can make (1.6) effective.
This will be the topic of §1.4. The properties of the expanding cone are used
in different ways in effective and ineffective results. The proof of Theorem
1.4 uses Ratner’s theorem on measure classification of U -invariant probability
measures and the expanding cone helps us to avoid other U -invariant and
ergodic probability measures in the limit. In the effective case the rate of
convergence comes from the spectral gap, and the expanding cone is used
to control the behaviour of the measure near the cusp through quantitative
nonescape of mass in Theorem 1.3.
1.4. Effective multiple equidistribution. Suppose H is a normal sub-
group of a connected semisimple Lie group G. Let Γ be a lattice of G and µX
be the probability Haar measure on X “ G{Γ. We assume that the action of
H on X has a spectral gap, i.e. there is a compactly supported probability
measure ν on H and δ ą 0 such that
››››
ż
H
ψpg´1xq dνpgq
››››
L2pXq
ď p1 ´ δq}ψ}L2pXq
for any ψ P L20pXq :“ tψ P L
2pXq :
ş
X ψ dµX “ 0u. Recall that a lattice Γ
is said to be irreducible if, for any connected noncompact normal subgroup
N of G, the projection of Γ to the quotient group G{N is dense. If G has
no compact factors and Γ is irreducible, then the action of H on X has a
spectral gap, see [15]. Suppose G has finite center and there is an almost
direct product decomposition G “ G1 ¨ ¨ ¨Gk by connected normal subgroups
Gi such that Γ X Gi is a lattice of Gi. Then the action of H on X has a
spectral gap if and only if the action of pH XGiq
˝ on the quotient Gi{Γ XGi
has a spectral gap for every i.
Let SpXq “ R ` C8c pXq be the space of real valued smooth functions on
X which can be written as the sum of a compactly supported function and a
constant function. The aim of this section is to give an effective estimate of
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the integral
Ifpx;a; Ψq “
ż
U
f phq
kź
i“1
ψipai ¨ ¨ ¨ a1hxiq dµUphq
where
f P C8c pUq Ψ “ pψ1, . . . , ψkq P SpXq
k,(1.7)
a “ pa1, . . . , akq P A
k, x “ px1, . . . , xkq P X
k.(1.8)
Let tbt : t P Ru be a one parameter subgroup of A such that the projection
of b “ b1 to each simple factor of H is not neutral element and the unstable
horospherical subgroup of b
H`b :“ th P H : b
´nhbn Ñ 1H as n Ñ 8u ď U.
In particular this implies that the positive ray tbt : t ą 0u is contained in A
`
U
(see [29, Lemma 5.2]). For a P A and a as in (1.8) we set
tau “ suptt ě 0 : ab´t P A
`
U , H
`
b ď H
`
ab´t
u,(1.9)
tau “ minttaiu : 1 ď i ď ku.
In the definition of (1.9) if the set before taking the supremum is empty we
interpret tau “ 0. In view of b P A`U , we must have a P A
`
U and H
`
b ď H
`
a if
tau ą 0.
Theorem 1.5. Let H be a normal subgroup of a connected semisimple Lie
group G, let Γ be a lattice of G, and let X “ G{Γ. Suppose that the action of
H on X has a spectral gap. Let tbtu be a one parameter subgroup of A such
that the projection of b “ b1 to each simple factor of H is not the identity
element and H`b ď U . There exists δ “ δpH,X, tbtuq ą 0 with the following
properties: For every positive integer k, any compact subset L of X and any
f,Ψ as in (1.7), there exists M “MpL, f,Ψ, kq ą 0 such that for any x,a as
in (1.8) with x P Lk one hasˇˇˇ
ˇˇIf px;a; Ψq ´ ż
U
f dµU ¨
kź
i“1
ż
X
ψi dµX
ˇˇˇ
ˇˇ ďMe´δtau.(1.10)
We only get nontrivial estimates in Theorem 1.5 when all the ai p1 ď i ď kq
belong to
ta P A`U : H
`
b ď H
`
a u
which is a nonempty open cone. Theorem 1.5 is proved by an inductive
argument in Theorem 4.5 which is also used to prove the multiple ergodic
theorem in the appendix and the central limit theorem in [34]. In applications
7it is useful to know the explicit dependence of M on Ψ and k. We will make
this calculation during the proof in §4.3.
It follows from the structure theory of parabolic subgroups of H that H`b
is the unipotent radical of a parabolic subgroup containing P and there are
only finitely many of them. Although given a parabolic subgroup P0 ě P
there might be many choices of tbtu such that the unipotent radical of P0 is
equal to H`b , different choices will only affect the exponent δ in Theorem 1.5.
Theorem 1.5 generalizes Kleinbock-Margulis [20, Theorem 1.3] and Kleinbock-
Shi-Weiss [21, Theorem 1.2]. Here we briefly explain the ideas involved in the
proof which is due to Kleinbock-Margulis [20]. We chop the U -slice into pieces
of H`b -slices and for most H
`
b -slices which are not far away in the cusp we use
the thickening method and spectral gap to get a rate. Using the assumption
that ai P A
`
U we can apply the quantitative nonescape of mass in Theorem 1.3
to control effectively the total mass of pieces of H`b -slices possibly far away
in the cusp.
In a recent paper of Dabbs, Kelly and Li [9], it is noticed that when k “ 1
and f is the characteristic function of a fundamental domain of a periodic orbit
Ux1, then there are still nontrivial estimates without assuming H
`
b ď H
`
a1
XU .
The following theorem generalizes [9, Theorem 2].
Theorem 1.6. Let the notation and assumptions be as in Theorem 1.5. We
assume in addition that U “ H`b . Then there exists δ “ δpH,X, tbtuq ą 0 with
the following properties: For any compact subset L of X and any ψ P SpXq,
there exists M “ MpL,ψq ą 0 such that for any x P L with Ux periodic and
a P A`U one hasˇˇˇ
ˇ
ż
F
ψpahxq dµUphq ´ µUpF q
ż
X
ψ dµX
ˇˇˇ
ˇ ďMe´δtau1 ,(1.11)
where F Ă U is a fundamental domain of the periodic orbit Ux and
tau1 “ suptt ě 0 : ab´t P A
`
Uu.
It is not known whether there are effective estimates or not in the setting
of Theorem 1.6 for k ě 2. But the current method has obvious obstructions
which we will explain in the proof.
As an application of effective double equidistribution (the case where k “ 2)
we obtain the following result which gives an error rate of pointwise equidis-
tribution.
Corollary 1.7. Let the notation and assumptions be as in Theorem 1.5. Let
s P a`u (see (1.3)) such that H
`
b ď U X H
`
exp s. Then given ψ P SpXq, x P X
and ε ą 0, one has
1
T
ż T
0
ψpexppt sqhxq dt “
ż
X
ψ dµX ` opT
´ 1
2 log
3
2
`ε T q(1.12)
for µU almost every h P U .
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The notation f2pT q “ opf1pT qq means limTÑ8
f2pT q
f1pT q
“ 0. This corollary
generalizes [21, Theorem 1.1] and strengthens certain ineffective results of
[33, Theorem 1.1].
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2. Properties of Expanding cone
In this section we discuss several properties of expanding cones. We prove
Theorem 1.2 in §2.1. After that in §2.2 we prove some properties of the
expanding cone including the characterization of a sequence drifting away
from walls, which will lead to the proof of Theorem 1.4. In §2.3 we show that
the cone in Example 1.1 is the expanding cone. In the last section we show
that the intersection of the expanding cone with a maximal Q-split torus is
the same as some cones considered in [26].
Let the notation be as in §1.1. In particular, H is a connected semisimple
Lie group without compact factors, U is the unipotent radical of an abso-
lutely proper parabolic subgroup P of H, A is a maximal connected Ad-
diagonalizable subgroup in P . We introduce more notation in §2.1, which
will also be used in later sections.
2.1. Explicit description. Recall that Φ “ Φph, aq is the relative root sys-
tem of the Lie algebra h. For every α P Φ let hα be the root space of α,
i.e.
hα “ tv P h : rs, vs “ αpsqv for all s P au.
Let Φ` and Π be the sets of positive and simple roots, respectively, so that
P is a standard parabolic subgroup. Let p be the Lie algebra of P and let
p “ lp ‘ u be the Levi decomposition such that lp is normalized by a. There
is a subset I of Π such that
lp “ Zhpaq ‘
ÿ
αPΦI
hα and u “
ÿ
αPΦpuq
hα,(2.1)
where ΦI “ Φ X spanR I (here and hereafter spanF denotes the linear span
over the field F of a set). Let u´ be the unipotent radical of the opposite
parabolic subalgebra p´ of p. Since we assume U is the unipotent radical of
an absolutely proper parabolic subgroup P , the Lie algebra generated by u
and u´ is h. Also, the R-linear span of Φpuq is equal to a˚. Recall that for
each α P a˚ we associate sα P a via the Killing form Bp¨, ¨q. Let x¨ , ¨y be the
inner product on a˚ defined by xα, βy “ Bpsα, sβq.
9Epimorphic subgroups were studied earlier by Bien and Borel [3]. A closed
subgroup S of H is said to be epimorphic if for every representation pρ, V q
of H one has V S “ V H . In this section all the representations of Lie groups
and Lie algebras are on real vector spaces. A Lie group representation pρ, V q
induces a Lie algebra representation on V and we still use ρ to denote the
corresponding Lie algebra representation h Ñ glpV q. Let s be the Lie algebra
of S. It can be checked directly that if S is connected then V S is equal to the
set of s annihilated elements
V s :“ tv P V : ρpsqv “ 0 for every s P su.
We say s is an epimorphic subalgebra of h if for every representation pρ, V q
of h one has V h “ V s. It is easy to see that a connected and closed subgroup
S of H is epimorphic if and only if its Lie algebra s is epimorphic.
Lemma 2.1. a ‘ u is an epimorphic subalgebra of h.
Proof. Let pρ, V q be a representation of h and v P V a‘u. Let α P Φpuq and
u´ P h´α with u
´ ‰ 0. By [24, Proposition 6.52] there exists u P u and s P a
such that ps, u, u´q is an sl2 triple, i.e. rs, us “ 2u, rs, u
´s “ 2u´, ru, u´s “ s.
Since v is annihilated by s and u, the representation theory of sl2 (see e.g. [24,
§I.9]) implies that v is also annihilated by u´. Therefore, v is annihilated by
u´. Since ts P h : ρpsqv “ 0u is a subalgebra and the Lie algebra generated by
u and u´ is h, one has v is annihilated by h. 
For β P a˚ the subspace of weight β in a representation pρ, V q of h is
Vβ :“ tv P V : ρpsqv “ βpsqv for every s P au.
The set of weights ∆ consists of β P a˚ such that Vβ ‰ t0u for some represen-
tation V of h. Note that ∆ is a lattice of a˚ and
∆ “ tβ P a˚ : 2xβ, αy{xα, αy P Z for every α P Φu,(2.2)
see [5, Proposition 4.3]. By (2.2) and standard arguments of Lie algebras
(e.g. the proof of [24, Proposition 4.62]) one has
∆ “ tβ P a˚ : 2xβ, αy{xα, αy P Z for every α P Π1u,
where Π1 “ tα : α P Π but 2α R Φu Y t2α : α P Π and 2α P Φu.
Let S be a nonempty subset of a real vector space V . The dual cone of S
is defined to be
S‹ “ tϕ P V ˚ : ϕpvq ě 0 for every v P Su.
We will consider the dual cone either for V “ a or V “ a˚ where in the latter
case we identify pa˚q˚ with a in the natural way. It follows from the definition
of a`u that
a`u “
! ÿ
αPΦpuq
tαsα : tα ě 0 for all α
)
.
10 RONGGANG SHI
According to the definition of sα and S
‹ one has
pa`u q
‹ “ C :“ tβ P a˚ : xβ, αy ě 0 for all α P Φpuqu.(2.3)
Lemma 2.2. The interior of a`u is a
`
u .
Proof. It is clear that a`u is a subset of the interior of a
`
u . On the other hand
suppose s is in the interior of a`u . For every α P Φpuq we choose a positive
real number εα sufficiently small so that
s ´
ÿ
αPΦpuq
εαsα P a`u .
Therefore, we can write
s “
ÿ
αPΦpuq
ptα ` εαqsα
where tα ě 0. Hence s P a
`
u . 
Lemma 2.3. For every β P Czt0u one has a`u Ă ts P a : βpsq ą 0u.
Proof. It follows from the definition of C in (2.3) that βpsαq ě 0 for all α P
Φpuq. Since β ‰ 0 one has βpsαq ą 0 for some α P Φpuq. Note that every
element of a`u is a positive linear combination of sα pα P Φpuqq, so βpsq ą 0
for all s P a`u . 
Lemma 2.4. There exists a finite set C Ă C X p∆zt0uq such that
a`u “ ts P a : βpsq ą 0 for all β P Cu.(2.4)
Proof. Using the theory of convex polyhedral cones (see e.g. [36, Chapter 1]),
it can be shown that there exists a finite set C of spanQ∆zt0u such that
a`u “ ts P a : βpsq ě 0 for all β P Cu.(2.5)
It follows directly from the definition of C in (2.3) that C Ă C. Moreover, by
possibly replacing C by its integral multiples one can take C Ă ∆zt0u.
It follows from Lemma 2.2 that a`u is the interior of a
`
u . So (2.5) implies
ts P a : βpsq ą 0 for all β P Cu Ă a`u .
The reverse inclusion follows from Lemma 2.3. 
Lemma 2.5. Let pρ, V q be a nontrivial irreducible representation of h. If
β P ∆ and Vβ X V
u ‰ t0u then β P Czt0u.
11
Proof. First we show that β P C. Suppose α P Φpuq and u P hα is a nonzero
element. It follows from [24, Proposition 6.52] that there exists u´ P u´ such
that ps0 “ 2sα{xα, αy, u, u
´q is an sl2-triple. Note that
βps0q “ 2xβ, αy{xα, αy(2.6)
is an eigenvalue of ρps0q and elements of Vβ are eigenvectors of it. Let v P
VβXV
u be a nonzero vector. Since v is annihilated by u, it is a highest weight
vector for some representation of sl2. Therefore, βps0q ě 0. This and (2.6)
imply xβ, αy ě 0. Since α is an arbitrary element of Φpuq, we have β P C.
Next we show β ‰ 0. Assume the contrary, that is Vβ is annihilated by
a ‘ u. By Lemma 2.1, a ‘ u is an epimorphic subalgebra of h, so Vβ Ă
V h. This contradicts the assumption that pρ, V q is a nontrivial irreducible
representation of h and hence β ‰ 0. 
The converse of Lemma 2.5 is also true. Let W be the Weyl group of the
root system Φ. For every α P Φ we let wα P W be the orthogonal reflection
with respect to α. Let I be the subset of Π determined by p as in (2.1). Let
WI be the subgroup of W generated by wα pα P Iq.
Lemma 2.6. For every nonzero β P C X∆, there is m P N and a nontrivial
irreducible representation pρ, V q of h with highest weight λ such that mβ P
WIλ, Vmβ ‰ t0u and Vmβ Ă V
u.
Proof. Recall that wαpα
1q “ α1 ´
2xα,α1y
xα,αy α, from which it is easy to see that
wα pα P Iq and hence WI leaves Φpuq and spanR I invariant. Let βI be the
orthogonal projection of β to spanR I. Note that ΦI is a relative root system in
spanR I with Weyl group WI and the restriction of x, y to spanR I is an inner
product invariant under WI . Since Weyl group acts transitively on closed
Weyl Chambers, there is w P WI such that xwβI , αy ě 0 for every α P Φ
`
I
where Φ`I “ ΦI X Φ
`.
We claim that wβ is dominant with respect to Φ`. For α P I one has
xwβ, αy “ xwβI , αy ě 0,
since β ´ βI is orthogonal to spanR I. If α P ΠzI then α P Φpuq. In this case
xwβ, αy “ xβ,w´1αy ě 0,
since w´1 leaves Φpuq invariant and β P C.
Let t be a maximal abelian subalgebra containing a in
Zhpaq :“ th P h : rh, ss “ 0 @s P au.
The Lie algebra t b C is a Cartan subalgebra of h b C. There is a positive
system of the root system ΦphbC, tbCq such that Φ` is the the restrictions
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of it. Note that we can write t “ c ‘ a such that all the weights of h b C
are real on ic ‘ a. Since we assume β P ∆, there is a representation V 1 of h
such that wβ a weight of it. Let χ1, . . . , χm be the tbC-weights on the space
V 1wβ bC counted with multiplicity. Then χ “
řm
i“1 χi is algebraically integral
with respect to Φph b C, t b Cq and χ vanishes on c. Since Φph b C, t b Cq`
is compatible with Φ` and wβ is dominant (with respect to Φ`) one has χ is
dominant.
It follows from the highest weight theory of complex semisimple Lie algebras
that there is an irreducible complex representation of hbC with highest weight
χ. This representation can be viewed as a real representation of h and we let
V be an irreducible sub-representation of it. Note that mpwβq is the highest
weight of V , so Vmpwβq is nonzero and contained in V
u. Let rH be the simply
connected covering of H. There is a representation of rH on V inducing the
Lie algebra representation of h. It follows from [24, Theorem 6.57] that there
is h P rH such that Adphq leaves a invariant and the induced action on a˚ is
exactly w. This observation and the fact that w leaves Φpuq invariant imply
Vmβ is nonzero and contained in V
u. 
Proof of Theorem 1.2. By Lemma 2.4 there exists a subset C of C X p∆zt0uq
such that (2.4) holds. Let a “ exp s for some s P a.
First, we assume a P A`U and prove that s P a
`
u . By (2.4) it suffices to show
βpsq ą 0 for all β P C. It follows from Lemma 2.6 that there is m P N and
a nontrivial irreducible representation pρ, V q of h with highest weight λ such
that mβ P WIλ, Vmβ ‰ t0u and Vmβ Ă V
u. There exists n P N such that
the representation pρbn, V bnq lifts to a representation of the Lie group H. It
follows that there is a nontrival irreducible subrepresentation prρ, rV q of H in
V bn such that rVmnβ ‰ 0 and rVmnβ Ă rV U . It follows from the definition of A`U
in (1.2) that rV U Ă rV `a . Therefore rVmnβ Ă rV `a . Since elements of rVmnβ are
eigenvectors of rρpaq with eigenvalue emnβpsq, one has βpsq ą 0. This completes
the proof that s P a`u .
Conversely, we assume s P a`u and prove that a P A
`
U . Let pρ, V q be a
nontrivial irreducible representation of H. Suppose β is a weight in V with
VβXV
u ‰ t0u. It follows from Lemma 2.5 that β P Czt0u. According to Lemma
2.3 and the assumption s P a`u , one has βpsq ą 0. This implies that Vβ Ă V
`
a .
Note that V u “ V U and this space is A-invariant. Therefore V U Ă V `a . By
the definition of A`U , one has a P A
`
U . 
2.2. Some properties. We prove more properties of the expanding cone A`U .
Although we may not use all of these facts in this paper, we think they have
their own interests and will help the reader understand this concept.
Lemma 2.7. For every a P A`U , the group ta
m : m P ZuU is epimorphic in
H.
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Proof. Let pρ, V q be a nontrivial irreducible representation ofH. Since a P A`U ,
for any v P V U one has v P V `a . In particular if v is nonzero, ρpaqv ‰ v. So
there is no nonzero invariant vector for the group tam : m P ZuU . 
Let da be the metric on a induced by the Killing form. We use daps, Ba
`
u q
to denote the distance between s and the boundary of a`u . We say a sequence
tsiuiPN of elements of a
`
u drifts away from walls if dapsi, Ba
`
u q Ñ 8 as i Ñ 8.
By Theorem 1.2, a`u can be identified with A
`
U via the exponential map. So
tsiuiPN drifts away from walls if and only if texp siuiPN does in the sense defined
in §1.3.
Lemma 2.8. A sequence tsiuiPN of elements of a
`
u drifts away from walls if
and only if
βpsiq Ñ 8 as i Ñ 8(2.7)
for every β P Czt0u.
Proof. Let β P Czt0u. By Lemma 2.3, the hyperplane Hβ :“ ts P a : βpsq “ 0u
does not intersect a`u . Therefore dapsi,Hβq ě dapsi, Ba
`
u q. So if tsiuiPN drifts
away from walls then (2.7) holds.
On the other hand by Lemma 2.4 there is a finite subset C of Czt0u such
that C‹ “ a`u . In particular
Ba`u Ă
ď
βPC
Hβ.
If (2.7) holds for every β P C, one has
dapsi, Ba
`
u q ě dapsi,
ď
βPC
Hβq Ñ 8 as i Ñ 8.

Corollary 2.9. Suppose a sequence tsiuiPN of elements of a
`
u drifts aways
from walls. Let pρ, V q be a representation of h without nonzero h-annihilated
vectors. Let β be a weight on V u with respect to a. Then
βpsiq Ñ 8 as i Ñ 8.(2.8)
Proof. Since V has no nonzero h-annihilated vectors, it is a direct sum of
nontrivial irreducible subspaces. Therefore, Lemma 2.5 implies β P Czt0u. So
(2.8) follows from Lemma 2.8. 
Proof of Theorem 1.4. According to [32, Theorem 1.4] one has (1.6) holds if
taiuiPN belongs to a proper closed cone of A
`
U . But actually if one goes through
the proof of [32, Theorem 1.4], one can see that what really needed is [32,
(3.13)]. In view of Corollary 2.9, the assumption taiuiPN drifts away from walls
implies [32, (3.13)], from which (1.6) follows.

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2.3. Expanding cone and Example 1.1. The aim of this section is to show
that in the setting of Example 1.1 the expanding cone is given by (1.1). We
remark here that it is proved in Kleinbock-Weiss [22, Lemma 2.3] that the
right hand side of (1.1) is contained in A`U .
We identify h with the space of trace zero matrices of rank m ` n. Then a
is the space of diagonal matrices in h, i.e.
a “ ts “ diagpt1, . . . , tm`nq :
ÿ
ti “ 0u.
For 1 ď i ď m`n we let ei P pR
m`nq˚ be the element which maps every vector
to its i-th component. Then the space t
ř
tiei :
ř
ti “ 0u can be identified
with a˚.
We take
Φ “ tei ´ ej : i ‰ ju,
Φ` “ tei ´ ej : i ă ju,
Π “ tei ´ ei`1 : 1 ď i ă m ` nu.
Using the notation of (2.1), the group U in Example 1.1 is the unipotent
radical of the parabolic group given by I “ tem ´ em´1u. For α “ ei ´ ej, the
associated element sα P a is the diagonal matrix with entries zero except at
i-th diagonal entry which is 1
4
and j-th diagonal entry which is ´1
4
.
In view of
Φpuq “ tei ´ em`j : 1 ď i ď m, 1 ď j ď nu
one has
a`u “ tdiagpr1, . . . , rm,´t1, . . . ,´tnq : ri, tj ą 0u.
So the cone in Example 1.1 is equal to exp a`u which is the expanding cone of
U according to Theorem 1.2.
2.4. Intersection of expanding cone with a subtorus. In this section
we show that the cone considered in [26] for minimal Q-parabolic subgroup
is the intersection of the expanding cone defined in this paper with the cor-
responding Q-split torus.
We first set H,A,U in the framework of [26]. We assume that H “ HpRq˝
where H is a Zariski connected semisimple algebraic group defined over Q.
For simplicity we assume H is Q-simple and simply connected. Let A be the
Zariski closure of A in H. We assume that A is defined over Q, A contains
a maximal Q-split torus A0 and P “ PpRq where P is a minimal parabolic
subgroup over Q.
Let A0 “ A0pRq
˝, a0 “ LiepA0q and r : a
˚ Ñ a˚0 be the restriction map.
Recall that (see [4, §21.8])
Φ0 “ trpαq : α P Φ, rpαq ‰ 0u
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is a relative root system and Φ`0 “ Φ0 X rpΦ
`q is a positive system with the
set of simple roots Π0 “ Φ0 X rpΠq.
The Weyl groupW of Φ acts orthogonally on a˚ and it induces an orthogonal
action on a via wpsαq “ swα via the Killing form. Let W0 be the restriction
of tw P W : wa0 “ a0u to a0. The restriction of the Killing form B on a0 is
an inner product invariant under W0. For every α0 P a
˚
0 we let sα0 P a0 be the
element determined by Bpsα0, sq “ α0psq for all s P a0. Let W0 acts on a
˚
0 by
swpα0q “ wsα0 for α0 P a
˚
0 and w P W0. Then W0 is the Weyl group of Φ0, see
[4, Corollary 21.4]. Let
a`0,u “
! ÿ
α0PΦ
`
0
tα0sα0 : tα0 ą 0 for all α0
)
.
Proposition 2.10. a`u X a0 “ a
`
0,u. Moreover a sequence tsiuiPN Ă a
`
0,u drifts
away from walls of a`0,u in a0 if and only if it drifts away from walls of a
`
u in
a.
Proof. Let A1 be the maximal Q-anisotropic torus of A and let a1 be the
Lie algebra of A1 :“ A1pRq
˝. Then A “ A0A1 is a direct product and a “
a0‘a1 is an orthogonal decomposition with respect to the Killing form, see [4,
Proposition 8.15]. For all α P Φ the element srpαq is the orthogonal projection
of sα to a0. Let λ0 P a
˚
0 be a nonzero dominant weight with respect to Φ
`
0 and
let λ P a˚ be the extension of λ0 by taking λpa1q “ t0u. Then λ is dominant
with respect to Φ`. In particular λ P C which is defined in (2.3). Therefore
for all s P a`u X a0 one has
λ0psq “ λpsq ą 0
by Lemma 2.3. Hence a`u X a0 Ă a
`
0,u.
Let k be a finite extension of Q in R such that A is k-split. The group
Galpk{Qq acts naturally on Φ and hence on V “ spanQΦ. Note that rpσpαqq “
rpαq for all α P V and σ P Galpk{Qq. Also, α P V vanishes on a1 if and only
if σpαq “ α for all σ P Gal pk{Qq. It follows from the above two observations
that for α0 P Φ
`
0 ÿ
αPΦ,rpαq“α0
α “ mα10,
where m is a positive integer and α10 P a
˚ is the extension of α0 by taking
α10pa1q “ t0u. Therefore
sα0 “ sα10 “
1
m
ÿ
αPΦ,rpαq“α0
sα.(2.9)
Since α P Φpuq if and only if rpαq P Φ`0 , (2.9) implies a
`
0,u Ă a
`
u X a0.
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For the second assertion, we recall that the cone a`u is a polyhedral cone with
0 as a vertex. Therefore the boundary of a`0,u in a0 is exactly the intersection
of Ba`u with a0. The second assertion follows from the observation that a
sequence of points in the polyhedral cone drift away from walls if and and
only if the distance of the sequence to each hyperplane of the boundary goes
to infinity (cf. Lemma 2.8). 
Suppose tsiu Ă a
`
0,u drifts away from walls in a0. Let ai “ exp si and
X “ H{HpZq XH. Let ν be a probability measure on X supported a U orbit
and absolutely continuous with respect to the volume measure of this orbit.
By Proposition 2.10 and Theorem 1.4, one has aiν converges to the probability
Haar measure on X as i Ñ 8. The same equidistribution result holds for any
probability measure onX whose disintegration into measures on U orbits have
the same property as ν. In particular, this applies to homogeneous measures
considered in [13] and gives a proof of a special case of [13, Theorem 1(ii)].
3. Quantitative nonescape of mass
In this section we prove Theorem 1.3. Recall that H is a subgroup of a
connected semisimple Lie group G, Γ is a lattice of G and X “ G{Γ.
Let u be the Lie algebra of U and we endow u with an inner product
structure such that the corresponding Lebesgue measure µu is mapped to the
Haar measure µU through the exponential map, see [8, Theorem 1.2.10 (a)].
We use Bur to denote the open ball of radius r centered at 0 P u with respect
to the metric induced from this inner product. For r ą 0 there exists ℓ ě 1
such that
expBur{ℓ Ă B
U
r Ă expB
u
ℓr.(3.1)
Since we allow the implied constant in (1.5) depends on r we can work with
pu, µuq instead of pU, µUq.
3.1. Arithmetic quotient.
Lemma 3.1. Let V be a real vector space with norm } ¨ } and let ρ : H Ñ
GLpV q be a continuous homomorphism. For every r ą 0 there exists t ą 0
(depending on ρ, r and } ¨ }) such that for any a P A`U and any v P V zt0u one
has
sup
hPBUr
}ρpahqv}
}v}
ě t.(3.2)
Proof. We decompose V into the direct sum of H-invariant subspaces V1‘V2
whereH acts trivially on V1 andH does not leave any nonzero vector invariant
in V2. Since different norms on V are equivalent, we assume without loss of
generality that } ¨ } is a Euclidean norm induced from an inner product with
the following properties:
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‚ V1 and V2 are orthogonal;
‚ there exists an orthonormal basis of V2 under which ρpAq is diagonal.
Let π : V Ñ V U2 be the orthogonal projection. Since V
U
2 is A-invariant, one
has ρpaqπ “ πρpaq for all a P A. Since for a P A`U the eigenvalues of ρpaq on
V U2 are all greater than or equal to 1, one has
}ρpaqv} ě }v} @a P A`U , v P V
U
2 .(3.3)
We first show that
t1 :“ inf
vPV2,}v}“1
sup
hPBUr
}πpρphqvq}(3.4)
is positive. Let v P V2 be a nonzero vector. We claim that there exists
h P BUr such that πpρphqvq ‰ 0. Suppose the contrary, then the subspace
V 12 generated by ρpUqv is orthogonal to V
U
2 . By Engel’s theorem for the
nilpotent Lie algebra u acting on the space V 12 , there exists a nonzero U -
invariant vector v1 P V 12 . Since v
1 P V U2 , it is not orthogonal to V
U
2 . This
contradiction proves the claim. Therefore for every v P V2 there exists tv ą 0
and an open neighborhood Nv of v in V2 such that for every v
1 P Nv
sup
hPBUr
}πpρphqv1q} ě tv.
Since tv P V2 : }v} “ 1u is compact one has t1 ą 0.
Let a P A`U and v P V with }v} “ 1. We write v “ v1 ` v2 according to the
orthogonal decomposition V “ V1 ‘ V2 and estimate
}ρpahqv}2 “ }v1}
2 ` }ρpahqv2}
2 V1 is orthogonal to V2
ě }v1}
2 ` }πpρpahqv2q}
2 π is orthogonal projection
ě }v1}
2 ` }ρpaqπpρphqv2q}
2 ρpaq and π commutes
ě }v1}
2 ` }πpρphqv2q}
2 by p3.3q.
By above inequality and (3.4) one has
sup
hPBUr
}ρpahqv} ě
"
1{2 if }v1} ě 1{2
t1{2 if }v2} ě 1{2.
Therefore (3.2) holds for t “ mint1{2, t1{2u. 
Lemma 3.2. Let Γ0 “ SLnpZq X G0 be a lattice of a closed subgroup G0
of SLnpRq and let ρ : H Ñ G0 be a continuous homomorphism. Then there
exists δ ą 0 such that for any compact subset L of Y “ G0{Γ0, for any r, ε ą 0
and any a P A`U , y P L
µU pth P B
U
r : ρpahqy R Inj
Y
ε uq !L,r ε
δ.
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Proof. Since different right invariant Riemannian structures on G0 will induce
equivalent metrics on G0 and Y , we assume without loss of generality that
the inclusion map G0 Ñ SLnpRq is a Riemannian embedding. It follows that
IpgΓ0, G0{Γ0q ě IpgSLnpZq, SLnpRq{SLnpZqq
for all g P G0. So it suffices to prove the lemma in the case where L0 “ SLnpRq
and Γ0 “ SLnpZq, which we will assume in the rest of the proof.
Recall that the Lebesgue measure on u is mapped to µU by the exponential
map and for any r ą 0 there exists ℓ ě 1 such that (3.1) holds. So it suffices
to show that there exists δ ą 0 such that for any compact subset L of Y , any
r, ε ą 0 and any a P A`U , y P L
µuptu P B
u
r : ρpapexp uqqy R Inj
Y
ε uq !L ε
δµupB
u
r q.
Let } ¨ } be the standard Euclidean norm on V “ ‘ni“0
Źi
Rn. For ε ą 0 we
let
Kε “ tgΓ0 P Y : inf
vPZnzt0u
}gv} ě εu.
By [20, Proposition 3.5] it suffices to show that there exists δ ą 0 such that
for any compact subset L of Y , any r, ε ą 0 and any a P A`U , y P L
µuptu P B
u
r : ρpapexpuqqy R Kεuq !L ε
δµupB
u
r q.(3.5)
For every nonzero v P V and a P A`U we define the map ψa,v : u Ñ R by
ψa,vpuq “ }ρpa exppuqqv}. Since ψa,vpuq
2 is a polynomial map with degree at
most k where k is determined by ρ, [2, Lemma 3.2] implies ψa,vpuq is pC,αq-
good on u where C,α ą 0 are positive constants depending only on ρ. Since
L is compact, by Mahler’s compactness criterion there exists t0 ą 0 such that
for any gΓ0 P L and any nonzero pure tensor v P ‘
n
i“0
Źi
Zn one has
}gv} ě t0 ą 0.
It follows from this observation and Lemma 3.1 that there exists t ą 0 de-
pending on L such that for any 0 ď i ď n, any nonzero pure tensor v P
Źi
Zn,
any a P A`U and any gΓ0 P L one has
sup
uPBur
}ρpapexpuqqgv} ě ti.
Therefore (3.5) holds for δ “ α according to [16, Theorem 2.2], which com-
pletes the proof.

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3.2. Quotient of rank one Lie group.
Lemma 3.3. Let Γ0 be a lattice of a connected real rank one semisimple Lie
group G0. Let ρ : H Ñ G0 be a continuous homomorphism. Then there exists
δ ą 0 such that for any compact subset L of Y “ G0{Γ0, any r, ε ą 0 and any
a P A`U , y P L
µU pth P B
U
r : ρpahqy R Inj
Y
ε uq !L,r ε
δ.
We first recall a compactness criterion of Y due to Garland and Raghu-
nathan [12]. Let g0 be the Lie algebra of G0 and let V “
Źk
g0 where k
is the dimension of the unipotent radical U0 of some proper parabolic sub-
group of G0. We fix a nonzero element v0 in the one dimensional subspaceŹk
u0 where u0 is the Lie algebra of U0. The following version is taken from
Kleinbock-Weiss [23].
Lemma 3.4 ([23] Proposition 3.1). There exist g1, . . . , gm P G0 such that for
∆ “ tγgiv0 : γ P Γ0, 1 ď i ď mu the following holds:
(1) ∆ is a discrete subset of V ;
(2) For any R Ă G0, πpRq Ă Y is relatively compact if and only if there
exists r ą 0 such that for all g P R and v P ∆ one has }gv} ě r;
(3) There exists r0 such that for any g P G0, there is at most one v P ∆
such that }gv} ă r0.
Lemma 3.5. Let the notation be as in Lemma 3.3. Then there exists a
compact subset L0 of Y depending on L such that for any a P A
`
P and y P L
one has ρpaBU1 qy X L0 ‰ H.
Proof. Let r0 and ∆ be as in Lemma 3.4. Since L is relatively compact in Y ,
Lemma 3.4(2) implies that there exists r ą 0 such that for any g P G0 with
gΓ0 P L and any v P ∆ one has
}gv} ě r.(3.6)
Using (3.6) and Lemma 3.1, one can find a positive number t such that for
any a P A`P , gΓ0 P L and v P ∆
sup
hPBU
1
}ρpahqgv} ě t.(3.7)
The existence of L0 follows from (3.7) and (2) of Lemma 3.4. 
Proof of Lemma 3.3. If ρpHq consists only the identity element, then there is
nothing to prove. If ρpHq is nontrivial, then it follows from the definition
of expanding cone that ρpA`U q is the expanding cone of ρpUq in ρpHq. By
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possibly replacing H by ρpHq we assume without loss of generality that H is
a subgroup of G0. Let tat : t P Ru be the one parameter subgroup of G0 such
that A`U “ tat : t ą 0u.
According to Lemma 3.5 there exits ε0 ą 0 depending on L such that for
any y P L and any t ě 0 there exists hy,t P B
U
1 such that
zy,t :“ athy,ty P Inj
Y
ε0.
It is easy to see that
th P BUr : athy R Inj
Y
ε u “ th P B
U
r : rathphy,tq
´1a´tszy,t R Inj
Y
ε u.
Therefore it suffices to show that there exists δ ą 0 such that for any ε0 ą 0,
y P Injε0, t ě 0 and r, ε ą 0
µU pth P B
U
r : atha´ty R Inj
Y
ε uq !ε0,r ε
δ.(3.8)
In view of the comments at the beginning of §3, it suffices to show that
there exists δ ą 0 such that for any ε0 ą 0, y P Injε0, t ě 0 and r, ε ą 0
µuptu P B
u
r : atpexpuqa´ty R Inj
Y
ε uq !ε0,r ε
δ.(3.9)
According to [7, Theorem 1.1] there exists δ ą 0 depending on Y such that
for any u P u with }u} “ 1 and ε0, y, t, r, ε as before
|t´r ă s ă r : apexp suqa´1y R InjYε u| ďε0,Y ε
δr.(3.10)
We remark here that to get (3.10) one needs to use the explicit calculation
of the constant cε in the proof of [7, Theorem 1.1]. Using polar coordinates
for the Lebesgue measure on u one gets (3.9) from (3.10). This completes the
proof.

3.3. General case. In this section H,G,Γ are as in Theorem 1.3. The fol-
lowing two lemmas allow us to reduce the general case in Theorem 1.3 to the
arithmetic case and the rank one case considered in §3.1 and §3.2 respectively.
Let ZG be the center of G and G
cpt be the maximal connected compact
normal subgroup of G.
Lemma 3.6. There exist Lie groups Gi p0 ď i ď kq and lattices Γi in Gi,
where G0 “ SLnpRq,Γ0 “ SLnpZq and Gi p1 ď i ď kq are real rank one
semisimple Lie groups, so that the following holds: There is a continuous
homomorphism ρ : G Ñ
śk
i“0Gi such that ker pρq “ ZGG
cpt and ρpΓqX
śk
i“0 Γi
has finite index in ρpΓq.
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Proof. Let π : G Ñ G{Gcpt be the quotient map. Since the kernel of π is Gcpt
and πpΓq is a lattice in the group G{Gcpt, it suffices to prove the lemma in
the case where G has no compact factors.
Suppose G has no compact factors. It follows from Borel density theorem
that ZGΓ is discrete in G, see [27, Corollary 5.17]. So ZGΓ is a lattice of G
and hence ZG{pZG X Γq is a finite group. Since ZG is the kernel of Ad : G Ñ
GLpgq, by possibly replacing G by AdpGq and Γ by AdpΓq we assume without
loss of generality that the center of G is trivail. There are closed normal
subgroups G1i p0 ď i ď kq and lattices Γ
1
i in G
1
i with the following properties:
the multiplication map
śk
i“0G
1
i Ñ G is an isomorphism; G
1
i p1 ď i ď kq are
real rank one semisimple Lie groups; Γ10 is an arithmetic lattice of G
1
0 and Γ
is commensurable with the image of
śk
i“0 Γ
1
i. Here Γ
1
0 is an arithmetic lattice
means that there is a continuous injective homomorphism ρ0 : G
1
0 Ñ SLnpRq
such that ρ0pΓ
1
0q{ρ0pΓ
1
0q X SLnpZq is finite. It can be verified easily that for
Gi “ G
1
i,Γi “ Γ
1
i p1 ď i ď kq the map ρ : G Ñ
śk
i“0Gi which sends g0 ¨ ¨ ¨ gk
pgi P G
1
iq to ρ0pg0q ˆ
śk
i“1 gi satisfies the requirement of the lemma. 
Lemma 3.7. Let G0 be a Lie group, Γ0 be a lattice of G0 and Y “ G0{Γ0.
Let ρ : G Ñ G0 be a continuous homomorphism such that ker ρ “ ZGG
cpt and
ρpΓq{ρpΓq X Γ0 is finite. Suppose there exists δ ą 0 such that for any compact
subset L of Y , any r, ε ą 0 and any a P A`U , y P L
µU pth P B
U
r : ρpahqy R Inj
Y
ε uq !L,r ε
δ,(3.11)
then Theorem 1.3 holds.
Proof. Let ℓ ě 1 such that for all t ě 0, g P BGt X G
cpt and gc P G
cpt one
has gcgg
´1
c P B
G
ℓt . By possibly enlarging ℓ we assume that dG0pρpg1q, ρpg2qq ď
ℓ ¨dGpg1, g2q for all g1, g2 P B
G
1 . Let n be the cardinality of ρpΓq{ρpΓqXΓ0. We
choose ε0 ą 0 sufficiently small such that nε0 ă 1, B
G
2nε0
X gcΓg
´1
c “ t1Gu for
all gc P G
cpt and BG2ε0 has no nontrivial element with order less than or equal
to n.
We claim that for ε ď ε0 and g P G if IpρpgqΓ0, G0{Γ0q ą 2nℓε, then
IpgΓ, Xq ą ε. Theorem 1.3 will follow from the claim and the assumption of
the lemma. Now we prove the claim. Suppose g1, g2 P B
G
ε , γ P Γ such that
g1gγ “ g2g, then
γ “ g´1g´11 g2g and ρpγq
n “ ρpg´1pg´11 g2q
ngq P ρpΓq X Γ0.
Since ρpg´11 g2q
n P BG02nℓε and IpρpgqΓ0, G0{Γ0q ą 2nℓε, one has
g´1pg´11 g2q
ng P ker ρ.
Since ker ρ “ ZGG
cpt, there exists gc P G
cpt such that pg´11 g2q
n P ker ρXgcΓg
´1
c .
Since BG2nε0 X gcΓg
´1
c “ t1Gu and ε ď ε0, one has pg
´1
1 g2q
n “ 1G. Moreover, we
have g´11 g2 “ 1G, since B
G
2ε0 has no nontrivial elements with order less than
or equal to n. 
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Proof of Theorem 1.3. Let ρ and Gi,Γip0 ď i ď kq be as in Lemma 3.6. Ac-
cording to Lemma 3.7 it suffices to verify (3.11) for Y “
śk
i“0Gi{Γi. By
possibly enlarging L we assume that L “
śk
i“0Li where Li is a compact
subset of Gi{Γi. In this case (3.11) follows from Lemmas 3.2 and 3.3. 
4. Effective equidistribution
The aim of this section is to prove results of §1.4. As in §1.4, Γ is lattice of
a connected semisimple Lie group G, H is a normal subgroup of G, X “ G{Γ,
µX is the probability Haar measure on X and the action of H on X has a
spectral gap.
4.1. Notation and background material. Recall that tbtu is a one param-
eter subgroup of A such that the projection of b “ b1 to each simple factor of
H is not the identity element and H`b ď U . Since H is a normal subgroup
of G and b P A ď H we have G`b “ H
`
b . To simplify the notation we write
G` “ G`b . The contracting and centralizing subgroups of b in G are defined
as
G´ “ G´b “ tg P G : b
ngb´n Ñ 1G as n Ñ 8u ď H;
Gc “ Gcb “ tg P G : bg “ gbu.
Let g, g`, g´, gc be the Lie algebras of G,G`, G´, Gc respectively.
Lemma 4.1. The multiplication map G´ˆGcˆG` Ñ G is a diffeomorphism
onto an open subset with full Haar measure.
Proof. Note that AdpG`q,AdpG´q,AdpGcq are the horospherical and central-
izing subgroups of Adpbq. Moreover, there exists a P A such that Adpaq is of
class A in the sense of [25, Definition 2.1] and Adpaq has the same horospher-
ical subgroups as Adpbq. It follows from [25, Proposition 2.7] that the Lemma
holds for AdpGq and Adpbq. The conclusion for G follows from the observation
that Ad is a covering map and the kernel is contained in Gc. 
To simplify the notation we take G´c “ G´Gc. In this section all the
integrals are with respect to fixed volume measures. If µ is the measure
associated to Y , we may use dy to denote dµpyq. Moreover, we assume the
fundamental domain of Γ in G has measure 1 and for every ψ P L1pGq one
has ż
G
ψ dµG “
ż
G`
ż
Gc
ż
G´
ψpg´gcg`q∆pgcq dg´ dgc dg`(4.1)
where ∆pgcq “ |detpAd pgcq|g`q|.
Elements of the Lie algebra g are naturally identified with the right invariant
vector fields on G. Therefore an element h P g defines an operator on Bh :
C8pXq Ñ C8pXq or Bh : C8pGq Ñ C8pGq in a natural way. For α “
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ph1, . . . , hkq P g
k, we set Bα “ Bh1 ¨ ¨ ¨ Bhk and |α| “ k. We fix a basis B of
g such that the intersections of B with g´, gc and g` are the basis of the
corresponding subalgebras. In what follows we use } ¨ }ℓ where ℓ P Zě0 for the
usual p2, ℓq-Sobolev norm on G,X,G´, Gc, G` defined by the corresponding
basis in B. For example, suppose ψ P C8pXq, then
}ψ}ℓ “ max
|α|ďℓ
}Bαψ}L2pXq,
where the maximum is taken over all the k-tuples α (0 ď k ď ℓ) with alphabets
in B. We define
W 2,8pXq “ tψ P C8pXq : }ψ}ℓ ă 8 @ ℓ P Zě0u.
It is easy to see that SpXq Ă W 2,8pXq. Let x¨, ¨y be the inner product of
the Hilbert space L2pXq and let gψ (g P G and ψ P L2pXq) be the function
ψpg´1xq on X.
Lemma 4.2. There exist δ0, E0 ą 0 and ℓ0 P N depending on G,Γ, tbt : t P Ru
such that for any functions ϕ,ψ P W 2,8pXq one hasˇˇˇ
ˇxbtϕ,ψy ´
ż
X
ϕ dµX
ż
X
ψ dµX
ˇˇˇ
ˇ ď E0}ϕ}ℓ0}ψ}ℓ0 ¨ e´δ0|t|.
Proof. Let Z be the center of G. The group Z{pZ X Γq is finite, see the
proof of Lemma 3.6. Therefore by possibly passing to G{pZ X Γq we assume
without loss of generality that G has finite center. Recall that we assume the
projection of b1 to each simple factor of H is nontrivial. So the lemma follows
from [11, §6.2.2]. 
4.2. Effective equidistribution for tbtu translates. Recall that the metric
dG on G is induced from a right invariant Riemannian structure, and for
x P X the map πx : G Ñ X is defined by πxpgq “ gx. We first generalize [20,
Theorem 2.3]. For ψ P C8pXq let
}ψ}Lip “ sup
x,yPX,x‰y
|ψpxq ´ ψpyq|
dXpx, yq
.
Lemma 4.3. Let θ P C8c pG
`q, 0 ă r ă 1, m “ dimG´0, x P X and δ0, ℓ0 be
as in Lemma 4.2. Assume
(i) supp θ Ă BG
`
r ;
(ii) πx is injective on B
G
2r.
Then there exists a constant E “ Epℓ0, E0q such that for any ψ P W
2,8pXq
with
ş
X ψ dµX “ 0 and }ψ}Lip ă 8, and any t ě 0, one has
ˇˇˇ
ˇ
ż
G`
θpgqψpbtgxq dg
ˇˇˇ
ˇ ď E`}ψ}ℓ0 ` }ψ}Lip˘
ˆ
r´ℓ0´
m
2 }θ}ℓ0e
´tδ0 ` r
ż
G`
|θpgq| dg
˙
.
(4.2)
24 RONGGANG SHI
The proof of this lemma is the same as that of [20, Theorem 2.3] and we
give details here for the completeness. During the proof we will need the
following lemma.
Lemma 4.4. Let the notation be as in Lemma 4.3. There is a nonnegative
function rθ : G´0 Ñ R such that
supp rθ Ă BG´0r ,
ż
G´0
rθ “ 1, and }rθ}ℓ !ℓ r´ℓ´m2 @ℓ P Zě0.
Moreover, the function ϕ : X Ñ R defined by
ϕpg´gcgxq “ rθpg´gcq∆pgcq´1θpgq
for elements in BG
´0
r B
G`
r x and zero otherwise is a compactly supported smooth
function on X with
}ϕ}ℓ !ℓ r
´ℓ´m
2 }θ}ℓ @ℓ P Zě0.(4.3)
Remark: Besides ℓ the implied constants in this lemma also depend on the
space X, the choice of the basis B and the metric on G, which we do not
specify here since we consider them as fixed with G.
Proof. This lemma follows from [18, Lemma 2.4.7] and the assumptions (i)
(ii) of Lemma 4.3. 
Proof of Lemma 4.3. Let rθ and ϕ be as in Lemma 4.4. In view of (4.1) for all
t ě 0 ˇˇˇ
ˇ
ż
G`
θpgqψpbtgxq dg ´ xϕ, b´tψy
ˇˇˇ
ˇ
“
ˇˇˇ
ˇ
ż
G`
θpgqψpbtgxq dg ´
ż
G
rθpg´gcq∆pgcq´1θpgqψpbtg´gcgxq dpg´gcgq
ˇˇˇ
ˇ
“
ˇˇˇ
ˇ
ż
G`
θpgq
`
ψpbtgxq ´ ψpbtg
´gcgxq
˘
dg
ˇˇˇ
ˇ
ď
ż
G`
|θpgq| ¨
ˇˇ
ψpbtgxq ´ ψpbtg
´gcb´t ¨ btgxq
ˇˇ
dg
ď}ψ}Lip ¨ r ¨
ż
G`
|θpgq| dg.
On the other hand, by Lemma 4.2 and (4.3)
|xϕ, g´tψy|ď E0}ϕ}ℓ0}ψ}ℓ0e
´tδ0! E0r
´ℓ0´
m
2 e´tδ0}ψ}ℓ0}θ}ℓ0.
So (4.2) follows from the triangle inequality and the above two estimates. 
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4.3. Proof of effective equidistribution. Recall that the followings are
fixed: G,H,Γ, A, U, tbt : t P Ru, b “ b1. As in §4.1 we take G
`, Gc, G´ to be
the unstable horospherical, central and stable horospherical subgroups of b in
G. We fix δ0 ą 0 and ℓ0 P N so that Lemma 4.2 holds. Let ℓ P N such that
ℓ ě ℓ0 ` dimG. We choose δ1 with 0 ă δ1 ď 1 such that Theorem 1.3 holds
for δ “ δ1. Let
δ “
δ0δ1
3ℓ ` δ1
,(4.4)
which (in view of the dependence of δ0, δ1 and ℓ) depends on H,X and tbtu.
Recall that k P N and f,a,x,Ψ are given in (1.7) and (1.8). Let
}Ψ}sup “ max
"
sup
xPX
|ψipxq| : 1 ď i ď k
*
,(4.5)
}Ψ} “ max
"
sup
xPX
|ψipxq|, }ψi}Lip, }ψi}ℓ : 1 ď i ď k
*
.(4.6)
Instead of estimating If px;a; Ψq directly, we consider more generally
Jf px;a; Ψq “
ż
U
f phq
kź
i“1
ψipaihxiq dh.(4.7)
It is not hard to see that
If px;a; Ψq “ Jf px; a˜; Ψq where a˜ “ pa1, a2a1, . . . , akak´1 ¨ ¨ ¨ a2a1q.
We first effectively reduce the estimate of (4.7) for k ě 2 to that of Jf px
1,a1,Ψ1q
where
x1 “ px1, . . . , xk´1q,a
1 “ pa1, . . . , ak´1q and Ψ
1 “ pψ1, . . . , ψk´1q.
We set Jf px
1,a1,Ψ1q “
ş
U f phq dh if k “ 1 so that the following theorem also
holds in this case.
Theorem 4.5. Let the notation be as in Theorem 1.5 and let δ be as in (4.4).
Then there exists M0 ě 1 depending only on L and f such that
ˇˇˇ
ˇJf px;a; Ψq ´ Jf px1,a1,Ψ1q ¨
ż
X
ψk dµX
ˇˇˇ
ˇ ďM0k}Ψ}k´1sup }Ψ}e´δmink´1i“0 taka´1i u
(4.8)
where a0 “ 1H .
Proof. Since (4.8) holds for M0 “ 2
ş
U |f phq| dh if min
k´1
i“0 taka
´1
i u “ 0, in the
rest of the proof we assume that mink´1i“0 taka
´1
i u “ t ą 0. Let
r “ e
´tδ0
3ℓ`δ1 ă 1.(4.9)
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Similar to Lemma 4.4, there exists a smooth function θ : G` Ñ Rě0 with
supp θ Ă BG
`
r ,
ş
G` θpgq dg “ 1 and }θ}ℓ ! r
´2ℓ. It follows that
Jf px;a; Ψq “
ż
G`
θpgq
ż
U
f phq
kź
i“1
ψipaihxiq dh dg.(4.10)
For every g P G` and 0 ď i ď k ´ 1 we let
gi “ pb´taka
´1
i q
´1g pb´taka
´1
i q P G
`.
The definition of t implies that αplog b´taka
´1
i q ě 0 for every α P Φpg
`q and
0 ď i ď k ´ 1. Therefore,
dGp1G, giq ď dG`p1G, giq ! dG`p1G, gq ă r @g P supp θ Ă G
`.(4.11)
Making change of variables in (4.10) by h Ñ g0h, one has
Jf px;a; Ψq “
ż
G`
θpgq
ż
U
f pg0hqψkpbtgb´takhxkq
k´1ź
i“1
ψipgiaihxiq dh dg.(4.12)
It follows from (4.11) that for all g P supp θ and 1 ď i ď k ´ 1
|f pg0hq ´ f phq| !f r,(4.13)
|ψipgiaihxiq ´ ψipaihxiq|ď }ψi}Lip r.(4.14)
Replacing f pg0hq by f phq and ψipgiaihxiq by ψipaihxiq for 1 ď i ď k´ 1 in the
integrand of (4.12), and then changing the order of integration, one has
Jf px;a; Ψq “
ż
U
f phqϕphq
k´1ź
i“1
ψipaihxiq dh `Of pk}Ψ}
k´1
sup }Ψ}rq,(4.15)
where
ϕphq “
ż
G`
ψkpbtgb´takhxkq θpgq dg.
We choose r0 ą 0 so that supp f Ă B
U
r0
. Since r0 is determined by f , any
constant depending on r0 in fact depends on f . We take
B1 “ th P B
U
r0
: b´takhxk P Inj
X
3ru and B2 “ B
U
r0
zB1.
Since b´tak P A
`
U , Theorem 1.3 implies
µUpB2q !L,f r
δ1.(4.16)
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By (4.15) and (4.16)
Jf px;a; Ψq “
ˆż
B1
`
ż
B2
˙
f phqϕphq
k´1ź
i“1
ψipaihxiq dh `Of pk}Ψ}
k´1
sup }Ψ}rq
(4.17)
“
ż
B1
f phqϕphq
k´1ź
i“1
ψipaihxiq dh `OL,fpk}Ψ}
k´1
sup }Ψ}r
δ1q.
For h P B1, it follows from Lemma 4.3 and the properties of θ thatˇˇˇ
ˇϕphq ´
ż
X
ψk dµX
ˇˇˇ
ˇ ! p}ψk}ℓ ` }ψk}Lipqpr´3ℓe´tδ0 ` rq.(4.18)
By (4.17) and (4.18), we have
Jf px;a; Ψq “
ż
X
ψk dµX ¨
ż
U
f phq
k´1ź
i“1
ψipaihxiq dh
`OL,fpk}Ψ}
k´1
sup }Ψ}pr
δ1 ` r´3ℓe´tδ0qq.
In view of the choice of δ in (4.4) and r in (4.9) one has
Jf px;a; Ψq “
ż
X
ψk dµX ¨
ż
U
f phq
k´1ź
i“1
ψipaihxiq dh `OL,f pk}Ψ}
k´1
sup }Ψ}e
´tδq.

Proof of Theorem 1.5. We will show that Theorem 1.5 holds for δ in (4.4) and
M “ M0k
2}Ψ}k´1sup }Ψ} where M0 ě 1 is a constant depending only on L and
f . Using (4.8) for each k, k ´ 1, . . . , 1 and Jf px; a˜; Ψq step by step, we get
If px;a; Ψq “
ż
U
f ¨
kź
i“1
ż
X
ψi dµX `OL,f pk
2}Ψ}k´1sup }Ψ}e
´δtauq.

Proof of Theorem 1.6. The proof is in principle the same as that of Theorem
1.5 with k “ 1, a1 “ a, ψ1 “ ψ and f equal to the characteristic function of
the fundamental domain F of Ux. So we only sketch the proof and indicate
the modifications.
We begin with replacing t¨u by t¨u1. Then in (4.11) we loose the control
of dG`p1G, g0q if the conjugation of a
1
1 “ b´ta1 does not expand g. Using a
different idea which is due to [9], instead of (4.15), we get
If px; a;ψq “
ż
U
θpgq
ż
g´1
0
F
ψpbtga
1
1hxq dh dg(4.19)
“
ż
U
θpgq
ż
F
ψpbtga
1
1hxq dh dg
“
ż
F
ż
U
θpgqψpbtga
1
1hxq dg dh,
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where in the second equality we use the assumption that F is a fundamental
domain of the periodic orbit Ux. All the rest parts of the proof are the same
if we change the use of (4.15) by (4.19). 
Proof of Corollary 1.7. It is a special case of Theorem A.1. 
Appendix A. Multiple ergodic theorem
Rene Ru¨hr3 and Ronggang Shi
The study of multiple pointwise ergodic theorem has a long history. The
first result is double pointwise ergodic theorem due to Bourgain [6]. Recently
there are some progress on this question for ergodic distal systems Huang-
Shao-Ye [14] and weakly mixing pairwise independent systems Gutman-Huang-
Shao-Ye [13]. We remark here that all these results are for different orders of
a fixed measure preserving transformation. On the other hand, the multiple
mean ergodic theorem for commuting maps are well-understood, see Tao [35]
and references there.
In this appendix we prove a multiple pointwise ergodic theorem with an
error rate on homogeneous space for commuting actions. Let the notation and
assumptions be as in Theorem 1.5. Recall that a`u Ă a such that exp a
`
u “ A
`
U .
Let
a`u,b “ ts P a
`
u : H
`
b ď H
`
exp s X Uu.
Theorem A.1. Let s1, . . . , sm P a
`
u,b, wi “ s1`¨ ¨ ¨`si, ϕi P SpXq and yi P X,
where i “ 1, . . . ,m and m P N. Then for any ε ą 0 we have
1
T
ż T
0
mź
i“1
ϕipexpptwiqhyiq dt “
mź
i“1
µXpϕiq ` opT
´1{2 log
3
2
`ε T q(A.1)
for µU almost every h P U .
The conclusion of the theorem is called the effective m-multiple ergodic
theorem. It is already noticed in [21] that the effective double equidistribu-
tion implies the effective ergodic theorem. Here we use the effective 2m-step
equidistribution to prove the effective m-multiple ergodic theorem.
We are going to reduce the multiple ergodic average to the ergodic average
and use the following theorem.
Theorem A.2 ([21] Theorem 3.1). Let pY, νq be a probability space, and let
F : Y ˆR` Ñ R be a bounded measurable function. Suppose there exist δ ą 0
and C ą 0 such that for any r ě t ě 0,ˇˇˇ
ˇ
ż
Y
F px, tqF px, rq dνpxq
ˇˇˇ
ˇ ď Ce´δminpt,r´tq.(A.2)
3School of Mathematical Sciences, Tel Aviv University, Tel Aviv, Israel. R.
Ru¨hr was supported in part by the S.N.F. grant project number 168823. E-mail:
reneruehr@googlemail.com
29
Then for any ε ą 0 we have
1
T
ż T
0
F py, tq dt “ opT´1{2 log
3
2
`ε T q
for ν almost every y P Y .
We will apply the above theorem with Y “ U and
F ph, tq “ ϕ1pexpptw1qhy1q ¨ ¨ ¨ϕmpexpptwmqhymq.(A.3)
Lemma A.3. Suppose that f P C8c pUq and µXpϕmq “ 0. Then there exist
σ ą 0 and C ą 0 such that for any r ě t ě 0,ˇˇˇ
ˇ
ż
U
F ph, tqF ph, rqf phq dµUphq
ˇˇˇ
ˇ ď Ce´σpr´tq.(A.4)
Proof. We apply Theorem 4.5 with k “ 2m and
ψi “ ϕi, ψm`i “ ϕi,
ai “ expptwiq, am`i “ expprwiq,
xi “ yi, xm`i “ yi p1 ď i ď mq.
There exists κ ą 0 depending on wi p1 ď i ď mq and b such that
k
min
i“0
taka
´1
i u ě κpr ´ tq.
Let δ be as in Theorem 4.5 and σ “ κδ. Then it follows from (4.8) and the
assumption µXpϕmq “ 0 thatˇˇˇ
ˇ
ż
U
F ph, tqF ph, rqf puq dµU phq
ˇˇˇ
ˇ “ |Jf px;a; Ψq| ! e´σpr´tq,
where the implied constant depends on x, f and Ψ. 
Proof of Theorem A.1. We prove it by induction on m. Assume the theorem
holds for m´1, where if m´1 “ 0 we mean it holds for the constant function.
The left hand side of (A.1) is equal to
1
T
ż T
0
pϕm ´ µXpϕmqq
m´1ź
i“1
ϕipexpptwiqhxiq dt
`µXpϕmq ¨
1
T
ż T
0
m´1ź
i“1
ϕipexpptwiqhxiq dt.
In view of the induction hypothesis, it suffices to prove (A.1) under the addi-
tional assumption that µXpϕmq “ 0.
Assume now that µXpϕmq “ 0. Let f P C
8
c pUq with f ě 0 and
ş
U f dµU “ 1.
Let ν “ f phq dµU phq be the associated probability measure on U . It follows
from Lemma A.3 that the assumption of Theorem A.2 holds for the function
F ph, tq defined by (A.3) and the measure ν on U . Therefore (A.1) holds for
µU almost every h P supp f . By taking a countable family tfnu of such f withŤ
supp fn “ U one gets that (A.1) holds for µU almost every h. 
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